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Abstract.  This paper considersa model of the human cardiovascular-respiratory
control system with one and two transport delays in the state equations describ-
ing the respiratory system. The e ectiv enessof the control of the vertilation rate
\, is inuenced by such transport delays becauseblood gasesmust be trans-
ported a physical distance from the lungs to the sensory sites where these gases
are measured. The short term cardiovascular control system doesnot involve such
transport delays although delays do arise in other contexts such as the barore-
ex loop (see[46]) for example. This barore ex delay is not consideredhere. The
interaction between heart rate, blood pressure, cardiac output, and blood vessel
resistanceis quite complex and given the limited knowledge available of this inter-
action, we will model the cardiovascular control mechanism via an optimal control
derived from control theory. This control will be stabilizing and is a reasonable
approach basedon mathematical considerations aswell asbeing further motiv ated
by the obsenation that many physiologists cite optimization as a potential in u-
encein the evolution of biological systems(see,e.g., Kenner [30] or Swan [62]). In
this paper we adapt a model, previously considered (Timisc hl [63] and Timischl
et al. [64]), to include the e ects of one and two transport delays. We will rst
implement an optimal control for the combined cardiovascular-respiratory model
with one state spacedelay. We will then consider the e ects of a seconddelay in
the state spaceby modeling the respiratory control via an empirical formula with
delay while the the complex relationships in the cardiovascular control will still
be modeled by optimal control. This secondtransport delay assaiated with the
sensory system of the respiratory control plays an important role in respiratory
stability. As an application of this model we will consider congestive heart fail-
ure where this transport delay is larger than normal and the transition from the
quiet awake state to stage 4 (NREM) sleep. The model can be usedto study the
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interaction between cardiovascular and respiratory function in various situations
as well as to consider the inuence of optimal function in physiological control
system performance.

1. Intro duction

The cardiovascular system functions to maintain adequate blood ow to
various regions of the body. This function dependsupon the interaction of
a large number of factors including blood pressure,cross-sectionof arteries,
cardiac output, and partial pressuresof CO, and O; in the blood. There
are global control medanisms that act on the ertire system to maintain
appropriate blood ow and these medanisms are supplemerned by local
mechanismsin ead vascularregionwhich act to shunt blood to thoseregions
where demand is high and away from areas where demand is low. The
overall control processwhich stabilizesthe systemis quite complicated and
not fully elucidated. Principles of optimal control theory will be applied to
design a control mechanism for this system. For further details about the
cardiovascular systemand control see,e.g., Rowell [55].

When breathing is not under voluntary cortrol or subject to neurolog-
ically induced changes, the human respiratory control system varies the
vertilation rate in responseto the levels of carbon dioxide CO, and oxy-
gen O; in the body (via partial pressuresPa.,, and P,,,). This chemical
cortrol system depends upon information fed back from two sensorysites
which monitor the blood gaslevels (producing a negative feedbad cortrol
loop). Thesesensorysites at which the blood gaslevels are measuredare a
physical distance from the lungs (where blood gaslevels are adjusted) and
thusthere are transport delays (which vary depending on blood o w) in the
negative feedbak loop. Under normal conditions (even with delays in the
feedbak control loop) the cortrol systemis su cien tly stable to maintain
blood levels of these gaseswithin very narrow limits. See,e.g., [11] or [14]
for more information on this system.

There are a number of links betweenthe respiratory and cardiovascular
systems.Function of the respiratory systemdependson blood o w through
the lungs and tissues.The amount of oxygen O, transported to the tissues
and carbon dioxide CO, transported away from the tissues depends on
cardiac output Q and blood ow F through the pulmonary and systemic
circuits. Q and F depend in turn upon heart rate H, stroke volume Vg ,
resistancein the vascular system R, and blood pressureP. Arterial blood
pressureP;s is controlled via the baroreceptor negative feedbad loop which
hasimportant e ects onH, Vs , R, and henceQ. Systemicresistancewhich
impacts blood pressureis alsoin uenced by local metabolic cortrol acting
on the resistanceof the blood vesself various tissues.This local cortrol is
in turn in uenced by local concenrations of CO, and O, thusiillustrating
anotherimportant link betweenthe two systems.The e ect of concertration
of O, onthe resistanceof the systemicblood vesseis included in this model.
Furthermore, Pa.,, and P,,, canaect cardiac output and cortractilit y as
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well (see,e.g., Richardson et al. [54]). Neither these blood gas e ects nor
syndhronization of heart rate and venrtilation are included in this model.

An optimal control approac will be usedto model the complex inter-
actions in the cardiovascular-respiratory control system. The cardiovascu-
lar and respiratory controls are represenied by a linear negative feedbak
cortrol which minimizes a quadratic cost functional de ning optimal per-
formance. Reasonsand motivation for incorporating an optimal control ap-
proach is givenin Section 3. This modeling approac was previously applied
by Kappel and Peer[24] and Timischl [63] to study transition from rest to
exerciseunder a constart ergometric workload and the role of pulmonary
resistanceduring exercise.

The equationsdescribingthe state of the systemare developed following
the ideas of Khoo et al. [31], Grodins et al. [15], and Grodins [16,17] and
Kappel and coworkers[24,28,48].

The model can also be usedto study dicult to measureparameters
(such aspulmonary resistance)in other conditions aswell such ascongestive
heart failure.

2. Mo del equations with delay

The generalmodel equationsincluding delays are given in equations (1) to
(14). Symbols are de ned in Tables1 and 2. The respiratory componert of
the model is de ned by equations(1) to (5) and is basedon equationsgiven
in Khoo et al. [31]. Two compartments, a lung compartment and a general
tissue compartment, are usedto model the respiratory componert of the
system (seeFigure 1).

The lung compartment equation (1) represens a massbalanceequation
for CO, and equation (2) similarly represers a massbalance equation for
O,. The massbalanceequationsfor CO, and O, in the tissue compartment
are given by Equations (3) and (4). Equation (5) tracks CO. in the brain
which is neededas input to the certral respiratory sensor(seeSection 10).
We note that the brain is consideredas part of the generaltissue compart-
ment. Transport delays appear in the massbalance equations as it takes
time for tissue venousblood to reach the lungs and vice versa. The com-
partment blood gaslevelsare adjusted by the vertilation rate \la which will
be further discussedin Section 3.

Note that the role of \ia in the state equationsfor the lung compartment
(1) and (2) isthat of e ectiv e vertilation re ecting net vertilation after dead
spacee ects are removed.

Among the assumptionsincorporated in the model we mertion that the
model is an average o w model and thus vertilation represerts minute ven-
tilation and cardiovascular o w is non-pulsatile. Given the time scalesand
focus of this study, these assumptions are reasonable.Other assumptions
are givenin the appendix.

In passingwe note that alveolar minute vertilation doesnot re ect mod-
ulation of vertilation by the rate or depth of breathing which canin uence
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stability (seeBatzel and Tran 2000[1{3]) and that pulsatility in blood ow
can in uence the distribution of blood and play a role in the barore ex

cortrol.
VAcoz I:261002 (t) = 863:p(t)(cv<:02 (t v) Cacoz (1) 1)
+VA(t)(P|c02 Pacoz(t));
Vo, Pao, (1) = 863 p(1)(Cvo, (t  v)  Ca, (1)) @)
+Va(t)(Pio, Pao, (1));
Vico, Gveo, (1) = MRco, + Fs(t)(Caco, (t 1) Cuco,(1)); ()
V1o, Cuo, (1) = MRo, + Fs(t)(Cao, ()  Cyo, (t 4
VBcochcoz(t): MRB(302 + FB(t)(Cacoz(t B) CBcoz(t)); (5)
CasPas(t) = Qi(t) Fs(1); (6)
CusPys(t) = Fs(t)  Qr(1); (7)
CpPup(t) = Fp(t)  Qi(t); (8)
Si(t) = (1) )
Sc(t) = (1), (10)
2= @ S+ H(t); (11)
2= ror(t) rSe(t) + H(Y); (12)
H(t) = uy(t); (13)
Ya(t) = u(t): (14)
Table 1. Respiratory symbols
[ Symbol | Meaning | unit |
Ca concertration of blood gasin arterial blood Istp | !
Cv concertration of blood gasin mixed venousblood Istro |t
MR metabolic production rate Isto min !
Pa partial pressureof blood gasin arterial blood mmHg
Py partial pressureof blood gasin mixed venousblood mmHg
P partial pressureof inspired gas mmHg
B brain compartment -
us control function, us = Va lgtps  min 2
Va alveolar vertilation lgrps  min !
Va time derivativ e of alveolar ventilation lgtps  min 2
Va e ectiv e gas storage volume of the lung compartment lgTPs
Vr e ectiv e tissue gas storage volume I
C0,,0, | carbon dioxide and oxygen respectively -
transport delay sec
Ip, Ic cuto thresholds mmHg
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The cardiovascular componert of the model is based on the work of
Grodins and coworkers [15{17] and Kappel and coworkers [24,28,48] and
is described by equations (6) to (12). This componert includestwo circuits
(systemic and pulmonary) which are arrangedin series,and two pumps (left
and right verntricle). SeeFigure 1. Each circuit subsumesthe system of ar-
teries and veins, arterioles, and capillary networks under three componerts:
a single elastic artery, a single elastic vein, and a single resistancevessel.
Blood ow is assumedto be unidirectional and non-pulsatile. Thus, blood
o w and blood pressureare to be interpreted as meanvaluesover the length
of a pulse.

Mass balance equations for blood o wing through the systemic artery
and vein componerts are given by equations(6) and (7) respectively. Equa-
tion (8) givesthe masshbalanceequation for the pulmonary venouscompo-
nernt. Under the assumption of a xed blood volume Vg, the equation for
the pulmonary arterial pressurecan then be derived from the other cardio-
vascular compartment pressures:

Pap (1) = é(Vo CasPas()  CusPus(t)  CupPup(t)): (15)

Table 2. Cardiovascular symbols

[ Symbol | Meaning | Unit
coe cien t of S in the dieren tial equation for min 2
Apesk | Rs = ApeskCys, mmHg min | !

coe cien t of H in the di eren tial equation for mmHg min !

Ca arterial compliance | mmHg ?

¥ venous compliance | mmHg ?

F blood o w perfusing compartment I min !

H heart rate min !
coecien t of in the dieren tial equation for min !

Pas mean blood pressurein systemic arterial region mmHg

Pvs mean blood pressurein systemic venousregion mmHg

Pap mean blood pressurein pulmonary arterial region mmHg

Pvp mean blood pressurein pulmonary venousregion mmHg

Q cardiac output I min !

R resistancein the peripheral region of a circuit mmHg min | 1!

S contractilit y of a ventricle mmHg
derivative of S mmHg min !

Uz cortrol function, u; = H min 2

Vstr stroke volume of a vertricle I

Vo total blood volume I

I,r left and right heart -

p.s pulmonary and systemic circuits -
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4_'35_ _|  Auto-
——————— - regulation
Tissue A
[

Pvo,  Pwo,

M Ro2 M Rc02

Fig. 1. Model block diagram

Blood ow F, which appearsin equations(6) through (8) is related to blood
pressurevia a form of Ohm's law

Pas(t)  Pys(t) .
Rs(t) ’
Pap(t)  Pup(t)
Ry '
where P, is arterial blood pressure,P, is venouspressure,and R is vascular
resistance.Details can be found in [24,28,48].
As mertioned above, cardiac output Q is de ned asthe meanblood ow
over the length of a pulse,

Q(t) = H(t)Verr (1); (18)

Fs(t) = (16)

Fo(t) = (17)
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where H is the heart rate and Vs, is the stroke volume. Subindices| and
r are usedto distinguish betweenleft and right vertricle. Subindicess and
p represert systemic and pulmonary circuits respectively. A complex rela-
tionship between stroke volume and blood pressureis given in Kappel and
Peer [24] which re ects the Frank-Starling law and the basic relation

cPy (t) .
Pa(t)

Vstr (1) = S(t) (19)

Here S denotesthe contractilit y, Py is the venous lling pressure,P, is the
arterial blood pressureopposing the ejection of blood, and ¢ denotesthe
compliance of the relaxed vertricle.

The Bowditch e ect, which describes the obsenation that cortractil-
ity S (respectively S;) increasesif heart rate increases,is introduced via
Equations (9) through (12). This relation is essetially modeledvia a second
order di erential equation. For details seeKappel and Peer[24].

Equations (13) and (14) de ne the variation of heart rate (H(t)) and
variation in vertilation (Va (t)) asmathematical control variables. The func-
tions u1(t) and u,(t) will be derived using an optimalit y criterion which acts
to minimize deviations in se\eral quantities including thesevariations H(t)
and Vj (t) (seeSection 3). Thus, limits are placed on the magnitude and
variation of the changesin the physiological controls H (t) and \a (t) which
re ects an assumption of minimal energy expensee ort asan optimal con-
trol criterion for the physiological control process.

Local metabolic autoregulation of systemic resistanceis modeled using
the assumptionthat systemicresistanceRs dependson venousoxygen con-
certration Cvo, - Thus R is described by

Rs(t) = Apesk Cvo, (t); (20)

where Apesk is @ parameter. This relationship was introduced by Peskin
[49] and is basedon work on autoregulation by Huntsman et al. [22]. The
above relationship was also usedin Kappel and Peer [24]. Essettially, this
equation describes an important local constriction/relaxation medanism
acting on small vascular elemerts in responseto local oxygen concerration
Cv,, (sometissuesrespond alsoto C,.,,). Global changesin Rs will be
discussedin Section 7. Delay in the cortrol processof global resistanceis
not analyzedin this paper.

Links between the respiratory and cardiovascular componerts can be
seenin the equations. The respiratory massbalance equations include ex-
pressionsfor the blood ows Fs and F,. Levels of Cy,, which in uences
systemic resistance via equation (20) is in turn aected by the respira-
tory system.Heart rate H and vertilation rate \4 in uence both systems
through the control functions u; and u,, while Py, Paco, and Pa,, aect
the dynamical behavior through the cost functional.
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3. Control of the system

The control for the cardiovascular and respiratory systemwill be designed
to transfer the state of the organism from an initial perturbation (initial
state) to a nal steady state in an optimal way that will be de ned below.
Giventhe complex and interrelated nature of the cortrol systemsdiscussed
here, the interaction of the various control e ects will be represenied as a
stabilizing cortrol derived from optimal control theory. This approad to
designinga stabilizing control is motivated primarily by mathematical con-
siderations and is reasonablegiven the lack of detailed information about
particular control interactions. Furthermore, this approac can provide in-
formation on the nature and function of the cortroller as well as to help
identify and study key controlling and controlled quantities.

As mertioned above, this approad is motivated primarily on mathe-
matical grounds, but such a control derived from optimal control theory is
further motivated by the view that optimal function likely plays a role in
physiological design.See for example,Kenner [30] or Swan [62]. Minimizing
stresson the system either by avoiding extreme actions or ine cien t oper-
ating stateswould represen such an optimal designcriterion. The degreeto
which physiological systemsbehave optimally is an open question of great
interest.

In the model we focus on two physiological quartities which in uence
the system: heart rate H and the vertilation rate \/ . In the cardiovascular
system, H is adjusted via the baroreceptor control loop and \, is adjusted
by the respiratory control loop. These quantities are varied so that the
meanarterial blood pressureP,s and the partial pressuresof carbon dioxide
Pac,, and oxygenP,,, in arterial blood are stabilized (along with the whole
system) to their steady state operating points when an initial perturbation
occurs. Parameters are chosento de ne the steady state values which will
be the operating points (nal steady state) as well asto derive the initial
perturb ed condition of the system.

The cost function we will use enforcesthe condition that the transi-
tion from initial condition to nal steady state is optimal in the sensethat
Pas, Paco, and Pa,, are stabilized such that the cumulativ e deviations of
thesequartities from their nal steady state valuesare as small aspossible,
while the presenceof u;(t) and ux(t) in the cost functional implemerts the
further restriction that excessie heart rate and ventilation change are re-
stricted (e ort is e cien t). In this way, the stabilizing feedbad cortrol can
be consideredalso as an optimizing feedbad control.

In the mathematical setting for this problem, it is the variations in heart
rate (H.(t)) and vertilation (Va (t)) that represert the control functions u;(t)
and uy(t). By including uy(t) and uy(t) in the cost functional, limits are
placed on the degreeto which H and \[4 can be varied to stabilize the
system, a reasonablephysiological constraint which alsore ects an e ciency
of e ort. The calculated cortrol acts in the optimal way as de ned by the
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cost functional to transfer the system from one state (initial condition) to
another (steady) state.

The control problem is then formulated asfollows: We determine control
functions u; and u, that transfer the systemfrom one state to another such
that the cost functional

z 1

Gos(Pas(t)  Pi)? + Ge(Paco, () Pi&,))? (21)
+G(Pao, (1) PLS))?+ quui(t)? + couz(t)® dt
is minimized under the restriction of the model equations:

x(t) = f(x(t);x(t 7)) W5)+Bu(t);, xo=
y(t) = Dx(t):

where x(t) 2 R is given by

(22)

X(t) = (Paco, : Pao, i Cvco, i Cvo, i CBeo, : Pasi Pusi Pupi S Srs 15 riH V)T

The vector f represens the system equations, WS represens the vector
of assaiated weights in the cost functional, and y(t) is a vector which
represerts the obsenation of controlled values. The delay 1 2 R* is a
xed point delay and the initial condition is a function 2 C where C
denotesC([ T1;0];R*). The positive scalar coe cien ts Gus, G, G, 0, and
e determine how much weight is assaiated to ead term in the integrand.
Superscript "f €' refersto the nal equilibrium or steady state to which
the systemis transfered by the control. We note that partial pressuresand
concerirations are interchangeableaccording to the disscciation formulas.
We use concerirations in somestate equationsto simplify the form of the
equations.For further information related to applications of optimal cortrol
theory in biomedicine see,e.g., Swan [62] or Noordergraaf and Melbin [45],
and for generalreferenceon mathematical cortrol theory seeRussell[56].

4. Eects of the weights

In the simulations preserted in this paper the weights assciated with the
quartities in the cost functional have valuesall set equal to one with the
exception of gy, the weighting factor of Py, , which is setto 0.3. The moti-
vation for a smaller weight for g, is that only large deviationsin P,,, act to
signi cantly alter vertilation becauseascan be seenfrom the adult oxyhe-
moglobin saturation curve, there is a signi cant resere of oxygen. Vertila-
tory control responseto P,,, will be more pronouncedonly at lower levels
of Pa,,. In normal operating conditions a deviation of 1 mmHg in Pa.,,
producesa larger percertage changein ventilation than doesa proportional
mmHg deviation in P, , thus suggestingthat P, is the primary focus of
cortrol. Thesefactors are also expressedn empirical relationships between
Pao, Paco,, and V4 givenby Wassermanet al. [67] or Khoo et al. [31] (see
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Section10). For thesereasons,a smaller weight is assa@iated with deviations
in Pa,, in the cost functional. In regardsto the other weights it appears
that the system reacts in a more sensitive way to deviations in the other
variablesthan to deviations in Pa,, - Becausewe lack more information, we
take the same weight for all variables except P,,,. In order to get more
information on these weights one would have to parameter estimation on
the basisof data obtained from appropriate tests which we plan to pursue.
In simulation studies[64]it wasfound that respiratory and cardiovascu-
lar quartity cross-irteraction through the cost functional is minimal. Con-
sidering the respiratory componert weights in isolation, simulations indicate
that the initial dropsin Vi and Pq,, at the transition to sleep(seeFigures
(2) thru (7)) are much more extreme when the Pa,, weight is small. When
equalweights are givento P,,, and P, ,,, the initial undershoot of the nal
steady states is much smaller. Simulations indicate that the undershoot is
small for g, greater than 0.3. The weights chosenfor these simulations are
reasonablegiventhat there is certainly a range of responsesfor V4 to given
Pa,, and P, levels and of heart rate H to arterial blood pressurePas
levels. Parameter identi cation could set these valuesfor individual cases.

5. Simulation Metho d

In the simulations we will considerthe cortrol which transfers the system
from the initial condition "resting awake" denotedby x? to the nal steady
state "stage 4 quiet sleep"denotedby x5. We view the "resting awake state"
as an initial perturbation of the steady state "stage 4 quiet sleep". These
states are de ned by parameter choices.We will considertwo cases.In the
rst casewe implement both the respiratory and cardiovascular controls as
optimal controls and derive formulations for both heart rate H and vernti-

lation rate \,y which transfer the systemfrom "resting awake" x2 to "stage
4 sleep” x® in an optimal way. Thus we do not considerexplicitly the respi-
ratory control sensorysystemand henceequation (5) is not required until

Section 10. For this casewe have only the delays in transport betweenthe
lung and tissuecompartments. Here 1 isthe transport delay from the lungs
to the tissuecompartmert (seeGrodins, [15] 1 = 2459). The transport delay
from the tissueto the lung compartment  is somewhatlonger but due to
the relatively stable behavior of the venousside blood gasesunder normal
conditions (situations where the state variables are in the physiologically
meaningful range and without extreme variations) it is reasonableto con-
sider v = 1. Indeed,the dynamicsof the systemchangealmostnot at all if
v is varied, giventhat the venousside state variable variations are minimal

and much damped comparedto arterial side changes.This approximation

of y = 1 is chosento simplify computations.

In the secondcasewe will incorporate \,y into the state equations via
an empirical formula with delay relating Vs to levels of Paco, s Pao, > and
Pg.o,- Thesedelays are in reality state dependert and nonconstart since
they depend upon blood ow Fg(t) which in turn is aected by cardiac
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output Q(t), systemic resistance,and indeed the blood gasesPa.,, and
Pa,, - However the decreasen cardiac output during the transition to stage
4 sleepis about 10% and we will assumethe delays are constan.

The equilibrium equations for the system (1) to (14) determine a two-
degreeof freedomset of steady states. Thusit is necessaryto choosesteady
state valuesof two state variables as parameterswhen calculating the awake
and sleepsteady statesfor the system.In generalwe choosevaluesfor Pa
and H. These quartities are chosen as the parameters for the equilibria
becauseP,.,, is tightly cortrolled independertly of the special situation
and H is easily and reliably measured.

In summary, the transition from the "resting awake" steady state to
"stage 4 (NREM) sleep"is simulated by carrying out the following steps:

1. Compute the steady states "resting awake" x2 and "stage 4 sleep" x5.
The steadystates"awake" and "sleep" are de ned by a set of parameter
changesto be discussedin Section?7.

2. The cortrol functions u; and u, which transfer system (22) from the
initial steady state "awake", x2, to the nal steady state "sleep”, x3, are
found asfollows. We considerthe linearized systemaround x* with initial
condition x(0) = x?, and the cost functional equation (21). The cortrol
functions u; and u, are then computed suc that the cost functional
is minimized subject to the linearized system. This is accomplishedby
solving an assaiated algebraic matrix-Riccati equation which is usedto
de ne the feedba& gain matrix. In particular, u; and u, are given as
feedbak control functions.

3. This control is usedto stabilize the nonlinear system (22) de ned by
equations (1) to (14). The control will be suboptimal for the nonlinear
systemin the senseof Russell[56] and stabilizing.

6. Analytical considerations

We consider rst the casewhere both heart rate H and the vertilation
rate Vo are modeled asoptimal controls. We give the mathematical setting
for the systemwith one delay. In this case,since \,, is de ned by optimal
cortrol we don't need equation (5). We carry it along here for referencein
the two delay case.The nonlinear system described by Eqg. (1) to Eq. (14)
with one constart point delay is represerted by the vector system (23) as

x(t) = f(x(t);x(t 7 W3)+Bu(t);, xo=
y(t) = D x(t)

where x(t) 2 R4 is given by

(23)

X(t) = (Paco, i Pao, i Cvco, :Cvo, :CBeo, i Pasi PusiPupi SIi St 15 riH V)T

The vector WS represerts the assaiated weights for the sleepsteady state
(in general, we use the sameweights for "awake" and "sleep" states. The
initial condition function 2 C will be chosenas a constart function,
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= x2, where x? is equal to the initial steady state vector "awake" from
which the system will be transferred to the nal steady state sleepx® by
the control. As cortrolled variables we have the obsenations

y(t) = D X(t) = (Paco, (1); 0:3Pa,, (1); Pas(t) T; (24)
where D 2 M3.14(R) is the weighting on the obsenations given by
0 1
100000:::0

D= @0:30000::: 0A (25)
000001:::0

The cortrol u(t) 2 R? denotesthe vector
u(t) = (Ua(t);u2(t) " = (H5 V)T
where B 2 M.14(R). Explicitly , we compute a feedbad cortrol
ut) = Fm x(t) (26)

where Fp, is the feedbad gain matrix.

We want to stabilize system (23) around the stage 4 sleep equilibrium
xS. Therefore our rst step is a shift in the origin of the state spaceby
introducing new vector variables and

() = x(t) x5
)=y vy*

Next, we approximate _linearly. To this aim we replacex in (23) by
and make a Taylor expansionaround x° for xed time t. We are treating
x(t 1) asanindependert variable for the expansion.This yields

x(t)

(27)

L) =Ffx+ ();x°+ (t T1)W3+Bu
At )+ A2 (t 7)) +Bu+of):

Hereo( ) denotesthe Landau symbol (h(x) = o(k(x)) :, kh(x)k=kk(x)k !
Oasx ! 1). Note that the original state equations were already linear
with respect to the control u. The matrices Aj 2 M14.14(R), i = 1;2 are the
Jacobiansof f with respect to x(t), and x(t 1), respectively, evaluated
at x = x5,

(28)

— @ S. Sy -
Al - @(t) (X 1W )1
@ oo, @9
Az - m(x ,W )
Analogously,
— S ey s . s\T
(t) - (Pacoz (t) Pac02 ’ 0-3(P302 (t) Pa02 )r Pas (t) Pas) (30)

=D (t):
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By neglecting terms of order o( ) we derive linear approximations - (t)
and -(t) for (t) and (t), respectively,

~()=A )+ Az ~(t 1)+ Bu(t);
(t) = D ~(1); (31)
-(0) = x* x5
This is a special caseof the generallinear hereditary control system
x(t) = Lx¢ + Bu(t); t O
y(t) = Dx(t):

Here x((s) = x(t+s), h s 0, h > 0, wherex(t) 2 R¥, u(t) 2
R2, and y(t) 2 R3. Also B 2 M2.14(R) and D 2 M3.14(R). In the above
caselLx; = A1x((0) + Axxi( 1) and h = +: With this setting we apply
the results on approximation of feedbak control for delay systemsusing
Legendrepolynomials found in Kappel and Propst [26] (seealso[27]). In this
approadc the cortrol is found for approximating systemsde ned on nite

dimensionalsubspace®fR" x L?[ h; 0]utilizing Legendrepolynomials. For
this approach we usethe rst 5 Legendrepolynomials. Thus, the calculated
cortrol will be an approximate cortrol for the actual system. In the above
paper it wasshown that the cortrol for the approximating systemcorverges
to the cortrol for the actual systemasthe approximating system corverges
to the actual systemin an appropriate sense.

(32)

7. Mo deling Sleep

During sleep,as a result of physiological changesin the body (sometimes
referred to as the withdraw of the "wakefulnessdrive"), the vertilatory

cortrol systemis lesse ectiv e for a given level of blood gases.For example,
lower muscletone during quiet sleepa ects the reaction of the respiratory
musclesto control signals. This reduction in responsivenessresults in V4

falling as one transits from the "awake" state through stage 1 to stage 4
quiet or NREM sleep.The net e ect is a decreasein P,,, and an increase
in Pac,, (seeShepard[59]) even though metabolic rates alsofall. See,e.g.,
Krieger et al. [38], Batzel and Tran [1], or Khoo et al. [35] for further details.

In sleep, general sympathetic activity is reduced and heart rate and
blood pressurefall. Cardiac output is generally reducedthough the degree
of reduction varies with situation and individual. See,e.g., Somerset al.
[60], Mancia [41], Podszus[52] and Shepard[59].

Researt suggests(cf., eg., Mancia [41], Podszus[52], Bevier et al. [5],
and Somerset al. [60]), that peripheral resistance,aswell as, perhaps,stroke
volume are reducedduring NREM-sleep. The reduction of sympathetic ner-
vous systemactivity (see[60]) in the transition from quiet awaketo NREM
sleepwould trigger these changes.

Given the reduction in sympathetic activity, a reduction in peripheral
resistanceis a reasonableconsequencend, in general, such a reduction in
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sympathetic activit y should alsoimpact cortractilit y, resulting in a reduced
stroke volume. It appears that counter in uences such as an increasein
cardiac lling pressure(and end diastolic volume) resulting from being in
the supine position would tend to raise stroke volume. In the simulations
here, while not explicitly modeling the in uence of position, we do include
the e ect of the reduction in contractilit y causedby reduced sympathetic
activity. As a result a small drop in stroke volume is obsened. However, the
major in uence on Q is the drop in H.

The e ect of reduced sympathetic activity on systemic resistance in
NREM sleepis implemented as follows. In the model in the awake rest
state, variation in Rs is only produced by the local control described above
(with the baseline global resistance xed by the parameter Apesk). This
local control would not disappear during sleepbut global in uence on sys-
temic resistanceby reduced sympathetic activit y should result in a modest
reduction in systemic resistance. To model this change, note that A pesk
which appearsin relation (20), acts asa gain constart, relating oxygen con-
certration and resistance.This constant will be reducedto model the global
reduction due to sympathetic e ects. Further researt will include a more
complete picture of the two cortributing and interacting cortrollers of Rs,
onelocal, and one global. Basedon steady state relations in the model, the
sympathetic in uence on cortractilit y is modeledvia a reduction in param-
eters | in equation (11) and | in equation (12). In the simulations given
here, Apesk is reducedby 5%, and in the cortractilit y equations (Bowditch
e ect), the parameters | and | arereducedby 10% in the NREM-steady
state (thus reducing cortractilit y). Tablessud as 3 and 4 list these value
changes.In summary, the steady state "sleep” is implemented by the fol-
lowing parameter changes(recall P,.,, and H are chosenas parametersfor
the system):

lower heart rate H,

higher P,.,, concertration in arterial blood,

lower O, demand (MRo,) and lower CO, production (MRco,),
decreasein Rs by reducing Apesk,

decreasen cortractilit y by reducing | and .

It Nt W W Woan )

Once the parameters are chosen, we implemert the steps outlined in Sec-
tion 5.

The transition to stage4 sleepis in reality not instantaneousbut takes
someminutes. We considera transition time of 3-4 minutes. We include for
the dynamic simulation a time dependert decreasein the metabolic rates
over the transition time to stage 4 sleepand the samefor the changesin
cortractilit y and systemic resistance.We still implement the cortrol func-
tions u; and u, calculated for a time-independert linear system though
these changesare time dependert. This further reducesthe optimality but
the thereby obtained (suboptimal) cortrol still stabilizesthe systemand is
useful for dynamic studies.
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The sleepdependert changesin cortractilit y ( | and ), the metabolic
rates, and resistance (Apesk) are assumedto be mostly accomplished by
stagesone and two. This assumption is made for purposesof exploring
the dynamics of transition and becausenot much is available in the liter-
ature about the actual time courseof these parameter changeschangesin
sleeptransition. With this model it is possibleto explore various parameter
changetime courses.

8. One delay simulations

In the rst simulation we consider the transition between x2 and x* for
a normal adult with slightly elevated Rs. We assumethat heart rate H
falls from 75to 68 bpm and that Pa.,, risesfrom 40 mmHg to 44 mmHg.
We will apply the calculated control for the linear systemto the nonlinear
systemand in this case,the control will be suboptimal but stabilizing. All
calculations are performed using Mathematica 3.0 Tool boxes. The Mathe-
matica package NDelayDSolve by Allen Hayesgivesthe numerical solution
of delay-di eren tial equations.

Tables3 and later parameter tables give the chosenparametersusedfor
modeling given conditions such asthe "resting awake state”, "NREM sleep
state" or "congestive heart failure state". Table 4 and later steady state
variable tables give the steady states computed from the model with the
chosenparameters.In this caseTables3 and 4 give valuesfor resting awake
and stage 4 sleepwith optimal control for a normal adult. Tables18to 20
in the appendix give somecomparisonvaluesfrom the literature.

Table 3. Optimal control parameters: normal adult sleeptransition

| Parameter | Awake | Sleep |

Apesk 147.16 | 139.80
| 85.89 | 77.30
r 2.083| 187
H 75.0 | 68.0
MRco, 0.266 | 0.224
MRo, 0.310 | 0.260
Paco, 400 | 44.0
T 240 | 24.0

Figures (2) thru (7) give the dynamics of the system produced by the
cortrol for the optimal cortrol case.

Using the above parameter assumptions, the steady state values for
"resting awake" and "stage 4 sleep" are calculated from the model and given
in Table 4. The qualitativ e changesin steady state valuesderived from the
model agreewith obsened behavior of the cardiovascular-respiratory con-
trol system. Quantitativ ely, the simulated values fall within cited ranges
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Table 4. Optimal control steady states: normal adult sleeptransition

Steady State | Awake | Sleep |

= 75.00 | 68.00
Pas 101.7 | 87.04
Pap 17.18 | 16.00
Pus 3.619 | 3.912
Pup 7.477 | 7.486
Paco, 400 | 440
Pao, 103.38 | 98.92
Pyco, 48.29 | 51.95
Pyo, 34.46 | 35.23
Q 4.938 | 4.335
Qr 4.938 | 4.335
Rs 19.86 | 19.18
S 71.999 | 58.751
S 5488 | 4.478
YA 5739 | 4.393
Vetr 1 0.0659 | 0.0637
Vtr 0.0659 | 0.0637

mm Hg

minutes

minutes
5

mm Hg

52

51 PVCO2
50

49 /
18]

47
46

minutes

minutes
1 2 3 4 5

Fig. 3. Optimal control: normal case

(seebelow) of commonly reported valuesfor the physiological conditions we
are considering. We note that there exists a variety of response combina-
tions for various individuals requiring a parameter identi cation if specic
data is compared. The model predicts decreasesn P,s and \/y as experi-
mentally obsenedin the sleepstate (see,e.qg., Krieger et al. [38], Phillipson
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Fig. 4. Optimal control: normal case
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Fig. 5. Optimal control: normal case
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Fig. 6. Optimal control: normal case

[50], Podszus[52], Somerset al. [60], and Mateika et al. [43]). Decreasesn
Q and stroke volume as reported in Shepard [59] or Schneider et al. [57]
are indicated by the model. The drop in P,,, and increasein Py, is con-
sistert with data provided in Koo et al. [37], Phillipson [50], and Shepard
[59]. Further, the model re ects the drop in systemic resistanceas well as
predicting an increasefor P,s. SeeTables18 and 20 in the appendix for a
summary of state valuesderived from researd literature for the awake and
NREM sleepstates.

Using the parameter values and steady states from Tables 3 and 4 we
calculate the cortrols u; and u, which transfer the systemfrom x2 to x5.
Referencedata can be found in Burgesset al. [8] and Bevier et al. [5] for
the dynamic time courseof various state transitions. The data provided in
Burgesset al. [8] suggesta disproportionate drop in H during the initial
phaseof sleeponset.Model simulations alsoshow that the control H declines
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liters per minute

5 minutes 5 minutes

Fig. 7. Optimal control: normal case

with the largestpart of the decline occurring during the initial stageof sleep
onset consistert with the results in Burgesset al. [8]. In cortrast, there is
a cortinual smooth declinein Vs, 1 and Q, more or lessuna ected by sleep
stage, The model can be usedto explore various parameter e ects on these
time courses.

As can be seenby comparison with the simulations presened in [64]
little dynamical dierence is produced by introduction of delay into the
massbalance equations of the respiratory system.Indeed, even if the delay
is increasedby a factor of 15, no signi cant di erences in dynamics appears.

The important delay introducing dynamic instabilit y into the systemis
the delay in the feedbadk cortrol loop of the respiratory cortrol system(see
e.g.[2,3]). We will considerthis in Section 10. An important physiological
condition which increasestransport delay in the feedbad cortrol loop is
found in congestive heart failure.

9. Congestiv e heart condition and transp ort delay

Heart failure is a genericterm covering a number of physiopathologiesin
heart performance which result in a decreasein general blood ow. This
condition is often referred to as congesti\e heart failure to focus on a main
consequencenamely pulmonary or systemic edema.

Chronic heart failure is to be distinguished from "heart attack" which
resultsin blockagein coronary blood o w or blockagein vertricular or atrial
ow. Heart failure can be categorizedin a number of ways: forward versus
badkward, left versusright, systolic versusdiastolic, and low output versus
high output. These classi cations are not uniformly consisterly applied
but they are useful in focusing on speci ¢ features of heart failure. Given
the inherent connectednessof the circulation sud divisions are to some
extent arti cial and indeed these distinctions can overlap. For example, in
the forward/backward division:

{ forward failure focuseson reduced blood delivery, reduced ejection of
blood from the ventricles and insu cien t Q for metabolic needs.

{ badkward failure focuseson reduced lling of the vertricles, reduced
emptying of the venous system, or reduced Q unless high vertricular
pressuresexist.



Cardiovascular-respiratory control system 19

On the other hand, in the division systolic/diastolic:

{ systolic failure focuseson insu cien t systolic action, often impaired con-
tractilit y, and consequetly reducedejection fraction and Q.

{ diastolic failure refersto the impairment of vertricular lling without
necessarilyan impairment of ejection fraction.

These classi cations are subdivided into left and right heart categories
and "typical" clinical heart failure is due to impairment of left ventricular
function and re ects systolic disfunction and forward failure. Causesof heart
failure include any condition which reducesheart performancesudc as:

{ myocardial damagewhich weakensthe myocardial muscle,
{ insucien t coronary blood ow,
{ reducedmyocardial cortractilit y.

In general, heart failure implies the consequencehat the heart fails to
provide su cien t blood ow to meet the metabolic needsof the body. In
most casesthis meansthat the heart exhibits a deterioration of the heart's
pumping ability. Pumping impairment that is due to a reduction in con-
tractilit y is a consequencef the heart muscle being damagedor weakened
in someway.

In chronic heart failure, there is a progressiwe deterioration in heart
function over time which is the reasonthe condition is so serious.The con-
dition becomesprogressively more sewer due to the compensatory meca-
nisms which try to maintain normal cardiovascularfunction. In a left heart
failure scenario,for example,if heart muscleis damagedsothat contractil-
ity is reduced, stroke volume and cardiac output will be decreasedArterial
blood pressurefalls due to the impaired pumping e ciency of the heart. The
baroreceptors,sensingreduced pressure,trigger compensatory sympathetic
system activity and vasaconstriction. These responsescan produce signi -
cant elewation of afterload, which can further reduce stroke volume. Over
time, the added stressto the heart results in damaging cardiac musclecom-
pensatory changes(remodeling) which further weakensheart function. Thus
the deterioration in heart function is self-reinforcing. This form of heart fail-
ure is referred to as chronic in contrast to acute heart failure which is the
result of heart damageoccurring over a short time frame.

The kidneys may also respond to reduced cardiac function by induc-
ing uid retention to increaseblood volume. This compensatory response
is triggered by the perceived reduction in circulating blood volume and
acts to raise blood pressure.This uid retention will increase preload or
ling pressurebut the increasedpressureand excessuids can causepul-
monary or systemic uid congestionand edema.In left vertricular failure,
the reduced left vertricular function results in blood accunulating in the
pulmonary venoussystem (raising pulmonary venouspressure)and can re-
sult in signi cant pulmonary congestionand di cult y in breathing. Hence,
the term "congestive heart failure" is often used,though not every form of
heart failure exhibits this quality.
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Giventhe interconnectednes®f the circulatory system,progressiwe dete-
rioration in oneverntricle canlead to the other vertricle becomingimpaired
and the occurrence of simultaneous left and right heart failure. Diastolic
and systolic failure can also occur together. In this paper we will refer to
left vertricular failure asthat clinical condition of failure of forward blood
delivery due to reduced systolic function and reduced cortractilit y of the
heart tissue.

An example of stable pressure states for four types of clinical heart
failure are given in Table 5. For example,in clinical left heart failure (left
ventricular failure):

cardiac output is reduced20to 50%;

signi cant elewation in pulmonary venouspressureoccurs;
modest elewation in pulmonary arterial pressureis obsened;
modest eleation in systemic venouspressureoccurs;

no signi cant changein systemicarterial pressureis found.

Lt Nt Wt Wt Waan )

Table 5. Congestive heart failure pressure changes at left/righ t ventricular
(LV/R V) failure and left/righ t backward (LB/RB) failure.

Condition Pas Pus Pap Pvp

LV failure no change " moderately " moderately " signi cantly
RV failure no change " signicantly small change  small change
LB failure no change no change no change

RB failure no change " signicantly no change no change

The impairment of the heart's pumping action will be modeled by a
reduction in cortractilit y and consequetly the ejection fraction. Given the
e ects of remodeling of the heart tissue due to the stresson the system,we
could also include a reduction in the ventricular compliance parameter in
Eq. (19) asa contributing factor to the reduction of stroke volume.

Tables6 and 7 give the parametersand computed steady statesfor rest-
ing awake and stage4 sleepfor seriouschronic left vertricular heart failure.
In this model, the left contractilit y S; is reducedby 65%from normal. Given
that there is little changein arterial blood pressure,this implies a similar
reduction in ejection fraction consistert with clinical obsenations found in
Niebauer et al. (1999) [44]. We also assumea small drop in right contrac-
tilit y of 8% from normal. Due to the compensatory mecanism described
above, the systemic resistanceRs parameter, Apesk, is increasedby 35%.
Heart rate H is increasedby 15%.We setP,,, to 40.5mmHg, at the upper
end of valuesreported in Javaheri (1999) [23]. Pulmonary resistanceR, is
alsoincreasedby 10% (see,e.g., Moraes et al. (2000) [12]). In this chronic
condition water retention and other mechanismsact to increasetotal blood
volume and we assumeV, is increasedby 25%. The increasein V, acts to
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raise Pys. Theseassumptionsare consistert with the obsenations in Parm-
ley [47] as well as Chiariello and Perone-Filardi [10]. As a consequenceof
these changesQ decreasedy 20% and hencetransport delay is increased
by about 25% (we ignore the e ects of the cerebralblood o w). The cardio-
vascular steady state valuesfor this caseand further simulations preseried
later (seeSection 11) can be comparedwith valuespresered in Tsuruta et
al. (1994) [66]. In that paper, a model is developed and usedto identify car-
diovascularparametersrelating to the four classef sewerity of heart failure
asde ned by the New York Heart Asscciation. The parameter estimation
depended on steady state valuesof H, Pas, Pap, Pvs, Pvp, Vo, and cardiac
output. The valuesfor thesestate variablesin the four classesdependedon
interpolation from certain known values.Among the parameterswhich were
identi ed were the vascular resistances.

Table 6. Optimal control parameters: chronic left ventricular heart failure sleep
transition

| Parameter | Awake | Sleep |

A pesk 198.7 | 188.7
| 25.8 | 23.19
. 1.67 | 1.50
Rp 216 | 2.16
Vo 6.25 | 6.25
H 86.02 | 78.02
Paco, 405 | 445
T 30.0 | 30.0

In contrast, Tables8 and 9 give the parameters and computed steady
states for resting awake and stage 4 sleepfor left heart failure where there
is no increasein blood volume Vy as might be the casewhen there is acute
heart failure. A small decreasein S, is assumed.In this case,no changeis
assumedin R, or Paco, - In this case,no increasein Pys is seenbut rather
a drop occurs.

Figures (8) thru (13) give the dynamics of the control for the optimal
control caseof acute left heart failure.

10. Mo deling two delays in the state space

Previously we have modeled the transition to sleepconsidering ventilation

asan optimal cortrol. We are now goingto useformula (33) which describes
an empiric relation betweenV,y and the blood gaspartial pressuresP,,, ,
Psco,, and Pa,, . Thus Via becomesincorporated into the state equations
and we can considerthe transport delay in this cortrol. We considera single
delay for both the peripheral and certral cortrols. This is reasonableas the
transport delay in the certral cortroller is only about 15% more than the
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Table 7. Optimal control steady states: chronic left vertricular heart failure sleep
transition

Steady State | Awake | Sleep |

Table 8. Optimal control parameters: acute left heart failure sleeptransition

H 86.02 78.02
Pas 98.4 83.72
Pap 23.19 21.94
Pvs 3.74 4.07
Pvp 14.58 14.46
Pac 0, 40.5 44.5
Pa02 102.8 98.35
Py 0, 50.78 54.46
F’\,O2 29.73 30.36
Qi 3.98 3.46
Qr 3.98 3.46
Rs 23.79 23.02
S 24.77 20.22
S, 5.04 4.11
\a 5.67 4.34
Vstr 11 0.0463 | 0.0444
Vstr ir 0.0463 | 0.0444

[ Parameter | Awake | Sleep |

Apesk 198.7 188.7
I 25.8 | 23.19
r 1.77 1.59

Rp 1.965 | 1.965

Vo 5.0 5.0

H 86.02 | 78.02

Paco, 40.0 | 445
T 32.0 32.0

peripheral cortroller delay (Khoo, [31], , = 6sand = 7s). Furthermore,
it is the peripheral control which is responsible for instabilit y in the cortrol
(Khoo et al. [31], Batzel and Tran, [2,3]). A relationship describing the
dependenceof Va on Pa.,,, Pa,, and Ps.,, is given by

VA (t) — Gpe 0:05Pa, (t p) max(O; Pac02 (t p) Ip) (33)

The rst term above describesthe e ect on vertilation of the blood gases
Pac,, and Pa,, as measuredby peripheral sensorslocated in the carotid
artery. This will be referred to asthe peripheral control. The secondterm
describesthe e ect of the brain CO, level (PBCOZ) and will be referred to
asthe certral control. This formula taken from Khoo et al. [31] is basedon
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Table 9. Optimal control steady states: acute left heart failure sleeptransition

Steady State | Awake | Sleep |

H 86.02 78.02
Pas 86.6 74.08
Pap 19.24 18.30
Pvs 2.77 3.02
Pvp 11.97 11.96
Paco, 40.0 | 445
Pao, 103.38 | 98.35
Pvco, 51.06 | 55.17
Pyo, 28.12 28.83
Qi 3.70 3.23
Qr 3.70 3.23
Rs 22.64 22.00
S 24.77 20.22
S 5.35 4.37
\V/N 5.739 4.34
Vstr il 00430 0.0414
Vstr ¢ 0.0430 | 0.0414
mm Hg mm Hg

minutes

mil

Py 2 3 a4

Fig. 8. Optimal control: acute left heart failure case

experimental obsenations suc as preseried in the Handbook of Physiology
[14]. A transport delay |, betweenthe lungs and peripheral cortrol appears
in this equation. Note that 1, and I denote cuto thresholds, sothat the
respective vertilation terms becomezerowhen the quartities fall below the
thresholds.

Ventilatory deadspacee ects are accourted for by de ning the quarntity
\Va = K Ve where \& is minute ventilation and K is a constart smaller
than one. In this way e ectiv e vertilation is reducedby a xed dead space
percert which corresponds to modeling changein vertilation as a change
in rate of breathing. This is implemented here by a scalereduction in the
cortrol gains G¢ and G,. See,e.qg., Batzel and Tran [3].

The optimal control now only models the cardiovascular cortrol. The
respiratory cortrol is given by an empirical formula with delay.
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Fig. 9. Optimal control: acute left heart failure case
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Fig. 10. Optimal control: acute left heart failure case
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Fig. 11. Optimal control: acute left heart failure case

A model describing the transition to sleepwasgiven by Khoo et al. [35].
During sleep,vertilatory driveis diminished by reducing the sleepgain fac-
tor Gs and there is an increasein a shift term K gy¢ ¢ altering the operating
point of vertilation. The e ectiv e drive during sleep\ieep is described by

Vsieep (1) = Gs(t)[max(0; Vawake(t)  Kshit ¢(t))]: (34)

The time dependenciesfor Gs and Kgpt ¢+ re ect the smooth change
in these parameters that occurs in the transition from "awake" state to
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Fig. 12. Optimal control: acute left heart failure case
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Fig. 13. Optimal control: acute left heart failure case

"stage 4 quiet sleep"”. Gs is set during the awake state at 1 and reduces
smoothly to a minimum (normally 0.6) at stage4 sleep.K ¢nif ¢ beginsat 0
and increaseso a maximum (normally about 4 mmHg) by the beginning of
stagel sleep.Thesechangesre ect the reduction in the normal vertilatory

responseVay ake asa result of physiological changesduring sleep.Oncestage
4 sleepis readched these valuesare constant. For these simulations we usea
baseline transit time to "stage 4 sleep”to be three minutes. The changes
in Gs and Kyt ¢ Will be modeled by incorporating exponertial functions
which changesmoothly through the various sleepstagesbetweenawake and
stage4 NREM sleep.The parametersin these expressionscan be adjusted
to simulate an essetially linear decreaseover the ertire transition from

awake to stage4 sleepor bias the decreaseto the early stagesof sleep.

Similar decreasedor the metabolic rates, sleep cortractilit y, and sys-
temic resistancere ecting the physiological changesduring sleeptransition
(discussedabove) are incorporated. The systemis nonautonomous,however
we still implement the control functions u; and u; as calculated for a time-
independert linear system around the nal steady state "stage 4 sleep".
This reducesthe optimalit y of the cortrol for the original nonlinear system
but the thereby obtained (suboptimal) corntrol still stabilizesthe systemand
is useful for dynamic studies.
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Thus we now determine a control function u; sucd that the cost func-
tional
VA 1
s (Pas(t)  P3)? + quup(t)® dt (35)

is minimized under the restriction

x(t) = f(x(t);x(t  p)ix(t 71);W®)+ Bu(t); Xo = (36)
y(t) = D x(1)

Clearly p < t and, again, 2 C whereC denotesC([ 7;0];R).

In an analogousfashion with the one delay casewe form the linearized
systemnow expanding the system using two delays.

X(t)= L) =f(x°+ (t);x>+ (t  p);x*+ (t 1)W°)+Bu -
=A1 +Ax (t p+As (t r)+Bu+o):

The matrices A; 2 M14:14(R), i = 1; 2; 3 are the Jacobiansof f with respect
to x(t);x(t ), and x(t ), respectively, evaluated at x = x5,

A= @%t)(xs;ws);
ho= GO (38)
As = %(XS;WS):
Analogously,
()= (Pas(®) P =D (0 (39)

By neglecting terms of order o( ) we get linear approximations -(t) and
+(t) for (t) and (t), respectively,

() =Ar )+ Az (t p)+Az-(t T1)+Bul);
() =D - (t); (40)
<(0) = x" x5

Again, we apply the results on approximation of feedbad cortrol for delay
systemsusing Legendre polynomials found in Kappel and Propst [26].
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Table 10. o empirical control parameters: normal adult sleeptransition

Parameter | Awake [ Sleep |

Gc 1.44 1.44
Gp 30.24 | 30.24
Gs 1.0 0.6
K shif t 0 4.2
lc 35.5 355
lp 355 35.5
H 75.02 | 68.02
MRco, 0.266 | 0.224
MReo, 0.042 | 0.040
MRo, 0.310 | 0.260
Apesk 147.16 | 139.80
I 85.89 | 77.30
r 2.083 | 1.874
p 7.8 7.8
T 24.0 24.0
S 4 transit - 3 min

Table 11. Va empirical control steady states: normal adult sleeptransition

Steady State | Awake | Sleep |

H 75.02 | 68.02
Pas 101.77 | 87.14
Pap 17.18 | 16.01
Pus 3.618 | 3.909
Pup 7.478 | 7.489
Paco, 39.16 | 42.67
Pao, 104.37 | 100.47
Pyco, 47.44 | 50.62
Pyo, 34.50 | 35.30
Psco, 47.23| 50.34
Q 4.938 | 4.334
Qr 4.938 | 4.334
Rs 19.88 | 19.21
S 72.02 | 58.77
S 549 | 4.48
Va 586 | 4.53
Vet 0.0658 | 0.0637
Vrr 1 0.0658 | 0.0637

11. Simulations with two delays

Tables10and 11 give the parametersand computed steady statesfor resting
awake and stage 4 sleepfor a normal adult with borderline elevated Rg
values and with moderate sleeptransition prole. From this point on, we
are using the empirical cortrol for \l,a while maintaining the optimal cortrol
for the cardiovascular system. We will refer to this caseasthe [y empirical
case.In all gures, we exhibit simulations for the rst few minutes to focus
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on the early transition dynamics in detail. Simulations of longer duration
clearly show the stabilizing in uence of the cortrol.

Figures(14) thru (20) give the dynamicsof the control for the normal 4
empirical control case For this casethe transition to stage4 sleepis assumed
to be 3 minutes. Furthermore, the shift K ¢ni¢ ¢ is assumedto occur by stage
1 (one fourth of the transition time) asin [35]. Gs reducessmoothly from
stagel to stage4 with most of the changeoccurring in the rst two stages.
As in the optimal casethe reductionsin |, , metabolic rates, and Apesk
are also assumedto be signi cantly reducedby stage 1. This assumptionis
made for purposesof exploring the dynamics of transition and becausenot
much is known about the actual time courseof these parameter changesin
sleeptransition.

minutes minutes

1 2 3 4

Fig. 14. \Ma empirical control: normal case
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49
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46

minutes minutes
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Fig. 15. \a empirical control: normal case

Figures (21) thru (24) give the dynamics of the cortrol for the normal
V4 empirical control casewith a reduced sleep transition time. For this
casethe transition to stage 4 sleepis assumedto be 2 minutes. The shift
K shif ¢ IS again assumedto occur by stageone (one fourth of the transition
time) and the reductionsin Gs, |,  andthe metabolic rates are assumed
to be reducedasin the previous case.The shift K¢yt ¢ is increasedto 5.2
and the gain Gs at stage 4 is 0.4. The quicker transition time and larger
shift create a deeper drop in the vertilation rate with sleeponsetthan in
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Fig. 18. \a empirical control: normal case

the previous case.This behavior will be comparednow with the congestive
heart condition casewhich includes an increaseddelay time.

Tables 12 and 13 give the parameters and computed steady states for
resting awake and stage 4 sleepfor the left ventricular heart failure case.
In this model, the left cortractilit y S; is reducedby 65% from normal. For
ejection fraction valuesin heart failure seeNiebauer et al. (1999) [44].

We also assumea small drop in right contractilit y of 8% from normal.
SystemicresistanceRs is increasedby 35%and pulmonary resistanceR, by
10%([12]). Heart rate H is increasedby 15%. The P, , increaseand P,
decreaseare a consequencedf the reduced cardiac output. In this chronic
condition water retention and other mechanismsact to increasetotal blood
volume and we assumeV, is increasedby 23%. The increasein V, acts to
raise Pys. As a consequenc®f these changesQ decreasedy 20% and hence
transport delay is increasedby about 25%.
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Fig. 20. V. empirical control: normal case
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Fig. 21. \Ma empirical control: fast sleepcase

Tables 14 and 15 give the parameters and computed steady states for
resting awake and stage4 sleepwherethe congestive heart condition involves
signi cant reduction in contractilit y of both the left and right vertricle.
Often it is the casethat deterioration on oneside of the heart (here the left
side) will eventually extend to deterioration of function on the other side
[58]. We maintain the CO, vertilation thresholds simulating an operating
point of P,.,, in the middle range of valuesgiven in Javaheri (1999) [23].
In general,P,.,, levelsin congestive heart patients are little changedfrom
levels found in normal individuals even when there is reduced exchange
e ciency in the lungs due to congestion. See,e.g., Sullivan et al. (1988)
[61].

As a consequencedf the reduced cardiac output the transport delay is
now increasedby 50%. For comparative state valuesin the caseof sewere
congestiwe heart failure, seeBruschi et al. (1999)[7] and Bocchi et al. (2000)
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Fig. 24. \Ma empirical control: fast sleepcase

[6] for valuesof Q, Hanly et al. (1993) [21] for valuesof transport delay, and
Bocchi et al. (2000) [6] for comparative valuesof H, Rs, and Vs, . Seealso
Table 22 in the appendix and Tsuruta et al. (1994) [66] and Hambrecht et
al. (2000) [20] for comparative Rs values. Arterio-v enous oxygen content
di erence for the sewere CHF caseis consistert with Kugler et al. (1982)
[39]. The very low contractilit y implies (given the small changein pressure)
an ejection fraction consistert with clinical obsenations found in Niebauer
et al. (1999) [44] for very se\ere heart failure cases.

It is well known that delays in feedbad control can create instabilit y
in a cortrol system.In congestie heart failure, the reduced cardiac output
inducesan increasedtransport delay which will reducethe e ciency of the
certral and peripheral controllers of vertilation. This reduced e ciency is
dueto the increasedtime it takesfor blood gasego be transported from the
site wheretheseblood gaslevelsare adjusted (the lungs) to the sensorysites
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Table 12. V4 empirical control parameters: left ventricular heart failure sleep
transition

[ Parameter | Awake | Sleep |

Apesk 198.66 188.73
| 25.77 23.19
r 1.67 1.50
Rp 2.16 2.16
Vo 6.25 6.25
H 86.02 78.02
lc 355 355
Ip 355 355
Gs 1.0 0.6
K shif t 0 4.2
p 9.75 9.75
T 30.0 30.0

Table 13. V4 empirical control steady states: left ventricular heart failure sleep
transition

Steady State | Awake | Sleep |

H 86.02 78.02
Pas 98.49 83.81
Pap 23.19 21.94
Pys 3.74 4.06
Pvp 14.59 14.46
Pacoz 39.16 42.67
Paoz 104.37 | 100.47
PVc02 49.44 52.63
PV02 29.77 30.43
PBC02 47.23 50.34
Qi 3.98 3.46
Qr 3.98 3.46
Rs 23.82 23.06
S 24.77 20.22
S 5.035 4.11
Va 5.86 4.53
Vstr 1 0.046 0.044
Vstr ir 0.046 0.044

where theselevels are measured.One form of respiratory instabilit y assai-
ated with CHF is a form of periodic breathing (PB) known asCheyne-Stoles
respiration (CSR). This form of involuntary respiration involves periods of
regular waxing and waning of tidal volume interspersedwith certral apnea
(CA). Cheyne-Stolesrespiration seemgo be a complicating factor for CHF
but the actual medanismsinducing CSR in congestive heart patients are
still under active investigation. The increasedfeedbad delay dueto reduced
cardiac output, in conjunction with other factors may be su cien t to con-
tribute to the onset, characteristics, or persistenceof certral sleepapnea,
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Table 14. \la empirical control parameters: left and right ventricular heart failure

sleeptransition

Table 15. Vla empirical control steady states: left and right ventricular heart

failure sleeptransition

[ Parameter | Awake | Sleep |

Apesk 250.17 237.7
| 12.88 | 11.60
r 1.46 1.31
Rp 2.16 2.16
Vo 6.9 6.9
H 92.02 | 80.02
lc 355 355
Ip 355 355
Gs 1.55 | 0.465
K shit t 0 55
p 11.6 11.6
T 36.0 36.0
S 4 transit - 2 min

| Steady State | Awake | Sleep |

H 92.02 ] 80.02
Pas 90.82 | 72.78
Pap 26.74 | 25.17
Pys 3.60 4.05
Pvp 1955 | 19.14
Paco, 37.95 | 44.44

ao, 105.77 | 98.41

Veo, 50.25 | 56.81

Vo, 25.74 | 25.49
Peco, 46.02 | 52.12
Qi 3.33 2.79
Qr 3.33 2.79
Rs 26.22 | 24.67
S 13.25| 10.37
S 4.71 3.69
\a 6.05 4.35
Vstr 4 0.0362 | 0.0348
Vstr r 0.0362 | 0.0348

PB, or CSR assaiated with CHF. See,e.g., Hall et al. (1996) [19], Pinna
et al. (2000) [51] and Cherniadk (1999) [9]. For analytical results seeBatzel
and Tran (2000) [3].

Figures (25) thru (30) give the congestiwe heart failure dynamics for the
[, empirical control casesimulating transition to sleepwith fast transition
parametersand in this casewe also assumean awake feedbad gain which is
50% higher than normal which in e ect increasesCO, sensitivity. Increases
in CO, sensitivity have been reported in casesof certral sleepapneain
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heart failure. See,e.g., Topor et al. (2001) [65] and Javaheri (1999) [23].
We simulate a quick transition to sleepwith sleepgain Gs reducedby 70%
in stage 4 sleepas comparedto the normal reduction of 40%. We further
increasethe shift term K¢t « by 33%(to 5.5 mmHg). Fast sleeponsettimes
can occur in patients with fragmerted sleepcyclesas occurs when multiple
sleepapneasinduce arousal and sleepdisturbance. See,e.g., Bennet et al.
(1998) [4]. The changein sleepcortrol parametersin this casesimulates an
increasedin uence of the sleepstate on cortrol e ectiv eness.

Thesedeviations in standard operating points drive vertilation to near
apneaand exhibit one mecanism for inducing Cheyne-Stoles respiration
(CSR) and certral sleepapnea. The oscillatory behavior is induced by the
increaseddelay as can be obserned by comparing this casewith the fast
transition casefor a normal adult represernied in Figures (21) thru (24).
Javaheri (1999) [23] and Quaranta et al. (1997) [53] indicate that a num-
ber of factors in uencing control stability (such as higher CO, sensitivity
and circulation delay) may contribute to certral sleepapneaand CSR in
congestive heart patients. Lorenzi-Filho et al. (1999) [40] report that re-
ductions in P,.,, sensedat the peripheral chemoreceptorscan also trigger
certral apneasduring Cheyne-Stolesrespiration. It is clear that the inter-
action of various respiratory factors can act in complex ways to in uence
the production of CSR and apneain congesti\e heart failure.

The larger reduction in sleepcontrol gain Gs in this simulation actually
acts to reduce the magnitude of the oscillatory cycles.On the other hand,
simulations indicate and, in general, theory con rms that the higher con-
trol gain (CO, sensitivity) prolongs and exaggeratesoscillatory behavior.
Likewise,a longer time coursein the reduction in cortrol gain from stage
1 to stage 4 sleep (thus maintaining higher gain for a longer time) would
contribute to unstable behavior. It is the degreeand speed of the shift
Kshit ¢ that is responsible for the initial steepdrop in vertilation which can
trigger apneaand repetitiv e cyclessimilar to CSR and the increaseddelay
reinforcesand perpetuates the oscillatory behavior.

mm Hg mm Hg

minutes .
minutes

1 2 3 4

Fig. 25. \ln empirical control: sewere left and right ventricular failure sleepcase
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Fig. 28. Va empirical control: sewere left and right ventricular failure sleepcase

12. Conclusion

In this paper we have considereda model of the cardiovascular-respiratory
cortrol systemwith constant state equation delays. The model utilizes an
optimal cortrol approach to represer the complex control features of the
cardiovascularcomponert in this system. The respiratory corntrol is consid-
eredboth from an optimal cortrol approach and from an empirical approach
which intro ducesa respiratory feedbad delay into the state equations. The
model was applied to study the transition from the awake state to NREM
sleepfor normal individuals and for individuals su ering from congestive
heart problems. The model steady states are consistert with obsenation
both for the normal and congestive heart states. The dynamical simulations
show that the transport delay betweenrespiratory compartments does not
cortribute to instability even at large delays. However, the transport delay
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Fig. 29. Va empirical control: sewere left and right ventricular failure sleepcase
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Fig. 30. Va empirical control: sewere left and right ventricular failure sleepcase

to the peripheral sensoris signi cant and can result in Cheyne-Stolestype
respiration for a sewere congestiwe heart condition with certain respiratory
parametersduring the transition to NREM sleep.
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APPENDIX

We assumethe following:

PA02 = Pa02 ]

PAcoz = Pacozv

PBOZ = PBVOZ,
PB(302 = PBVcozv

PT02 = PTVOz’
PTC02 = PTVcozn

wherev = mixed venousblood, T is tissue compartmert.

Lt Wt W

Further we assume:

The alveoli and pulmonary capillaries are single well-mixed spaces;
constant temperature, pressureand humidity are maintained in the gas
compartment;

gasexdangeis by di usion; vertilatory dead spaceis incorporated via
the optimal control \, for the optimal caseand control gains G, and
G, for the empirical case(seetext);

the delay in the respiratory cortroller signal to e ector musclesis zero;
delay in the baroreceptor signal to the cortroller and from cortroller to
e ector musclesis zero;

metabolic rates and other parametersare constart in a given state;

pH e ects on disscciation laws and other factors are ignored or incorpo-
rated into parameters;

acid/base bu ering, material transfer acrossthe blood brain barrier, and
tissue bu ering e ects are ignored;

no inter-cardiac shunting occurs;

intrathoracic pressureis ignored for this average o w model;
unidirectional non-pulsatile blood ow through the heart is assumed;
hence, blood ow and blood pressurehave to be interpreted as mean
valuesover the length of a pulse;

xed blood volume V; is assumed.

The parametersfor , , , as well asthe compliancescss, Cap, Cvs,

Cvp, G, and ¢, are chosenasin the paper by Kappel and Peer[24]. For the
S-shaped O, disscciation curve which relates blood gas concerrations to
partial pressureswe will usethe relation

Co,(t) = K1(1 e KzPoa(D)2: (41)

This relation was also used by Fincham and Tehrani [13]. Khoo et al. [31]
assumesa piecewiselinear relationship.
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For CO,, considering the narrow working range of Pco, we assumea
linear dependenceof Cco, On Pco,,

Cco,(t) = Kco,Pco,(t) + kco,:

(42)

A linear relationship was also used by Khoo et al. [31]. Other parameter
and steady state valuesfrom the literature are givenin the following tables.
Parametersnormally usedfor simulations are marked with an asterisk.

Table 16. Parameter values (awake rest)

[ Parameter Value Unit Source |
G 1.440* I=(min mmHQg) [31]
3.2 I=(min mmHg) [32]
Gp 30.240* I=(min mmHQg) [31]
26.5 I=(min mmHg) [32]

lc 355* mmHg [31], [32]
45.0 mmHg [35]
Ip 355* mmHg [31], [32]

38.0 mmHg [35]
Kl 0.2 ISTPD = [13]
K, 0.046 mmHg * [13]
kc 0, 0.244 |STPD = [31]
Kc02 0.0065 |5TpD =(| mmHg) [31]
0.0057 Istro =(I mmHQ) [35]

mg 1400 g [36], p. 745
MRB<:02 0.042* |STPD =min [32]
0.031 Istep =(min kg brain tissue) [35]
0.050 |5TpD =min [15]
0.054 |STPD =min [13]
MRc02 0.21 |5TpD =min [35]
0.235 |STPD =min [32]
0.200 |5TpD =min [33]

0.26 * Istro =min [36] p. 239
|\/|Ro2 0.26 |5TpD =min [35]
0.290 |STPD =min [32]
0.240 |5TpD =min [33]

0.31* Istro =min [36] p. 239
CO; sensitivity | 2.1+/- 1.0* lgrps =(Min mmHQ) [23]
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Table 17. Parameter values (awake rest)

[ Parameter |  Value | Unit | Source |
Pic 0, 0 mmHg [31], [15]
Pio, 150 mmHg [31]
atm 760 mmHg [31],[15]
Rp 0.965 mmHg min = [36] p. 233
1.4 mmHg min = [36] p. 144
1.95* mmHg min = [63]
1.5-3 mmHg min = [42]
RQ 0.88 - [15]
0.81 - [31], [32]
0.84* - [36] p. 239
Vao, 25* IeTPS (31]
3.0 IsTPs [15]
0.5 leTPs [18], p. 1011
Vaco, 3.2* leTPS [31]
3.0 IeTPS [35], [15]
Vico, 15 I [31], [35], [32]
V1o, 6* I [31], [35], [32]
1.55 I [18], p. 1011
VBco, 0.9* I [32]
1.0 I [15]
11 I [13]
Ve, 1.0 [ [15]
11 I [13]
\) 0.15 leTPs [35],[36] p. 239
\p 2.4 letrs =min [36] p. 239
2.28 |BTPS =min [31]
Fg 0.5 I=(min kg brain tissue) | [35], [36], p. 745
0.75-0.8* [=min [15], [13]
12-15%of Q I=min [55],p. 242

Table 18. Nominal steady state values (awake rest)

[ Quantity | Value [ Unit |  Source |
Caco, 0.493 | Istpp =1 | [36], p. 253
a0, 0.197 | lstep =1 | [36], p. 253
veo, 0.535 | Istep =1 | [36], p. 253
Vo, 0.147 | lstep =1 | [36], p. 253
H 70 min ! [36] p. 144
Pap 12 mmHg [36] p. 144
15 mmHg [66] p. 4
10-22 | mmHg | [42] Chptr. 8
Pas 100 mmHg [36] p. 144
93 mmHg [66] p. 4
Pyvp 5 mmHg [36] p. 144
8 mmHg [66] p. 4
Pvs 2-4 mmHg [36] p. 144
5 mmHg [66] p. 4

43
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Table 19. Nominal steady state values (awake rest)

Quantity | Value | Unit Source
Paco, 40 mmHg [18],p. 495, [36] p. 239
Pao, 104 mmHg [18],p. 494
100 mmHg [36] p. 239
Paco, 40 mmHg [18],p. 495, [36], p. 253
a0, 95 mmHg [18],p. 494
90 mmHg [36], p. 253
Pveo, 45 mmHg [18],p. 495
46 mmHg [36], p. 253
40-50 mmHg [42] Chptr. 8
Pvo, 40 mmHg [18],p. 494, [36], p. 253
35-40 mmHg [42] Chptr. 8
Q=Q =Fp=Fs 6 I=min [31], [15]
6.2 I=min [36] p. 239
5 I=min [36] p. 144
4-7 I=min [42] Chptr. 8
Rs 20. mmHg min = [36] p. 144
11-18 | mmHg min =l [42]
\V/N 4.038 IBTPS =min [13]
5.6 |BTPS =min [36] P. 239
e 8 |BTPS =min [36] P. 239
Vstr | 0.070 | [36] P. 144

Table 20. Nominal steady state values (NREM sleep)

Quantity | %change | Model Value | Source
Paco, " 2-8 mmHg 44 mmHg [59]
Pao, # 3-11 mmHg 98.9 mmHg [59,37]
Vco, "6% 51.9 mmHg estimate
Puo, "1% 35.2 mmHg estimate
\V/3 # 14-19% 6 IBTPS =min [59,38]
Pas #5-17 % 87.0 mmHg [43,59,60]
H #10% 68 mmHg [59,60]
Q #0-10 % 4.3 I=min [59,57]
\a # 14-19% 4.4 IBTPS =min [38]
MRo, #15% 0.26 Istpp =min [35]
M Rco2 #15% 0.23Istpp =min [35]
sympathetic activity | # signi cantly - [60]
s #5-10 % 19.2mmHg min=l | estimate
S #5-15% 58.7 mmHg estimate
S #5-15% 4.5 mmHg estimate
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Table 21. Miscellaneous parameters (awake and sleep unless otherwise noted)

[ Quantity | Value | Unit | Source |
Vo 5.0 I [24]
Apesk 177.47 | mmHg min | * | [24]
| 89.47 min 2 [24]
28.46 min 2 [24]

r

| 73.41 mmHg min ! [24]
; 1.78 mmHg min ! [24]
|

r

37.33 min ! [24]

11.88 min ! [24]
Cap 0.03557 | mmHg ? [24]
Cas 0.01002 | mmHg ! [24]
Cvp 0.1394 | mmHg ?! [24]
Cvs 0.643 | mmHg ! [24]
c 0.01289 | mmHg ?! [24]
Cr 0.06077 | mmHg ? [24]

Table 22. Estimated state variable values for congestive heart failure categories
as preserted in Tsuruta et al. [66]

[ Quantity | Normal | StageA | StageB | StageC | StageD |

H 70 85 85 85 85
Q 5.6 5.0 4.4 3.8 3.2
Vstr .08 .059 .052 .045 .038
Pap 15.0 19.0 23.0 27.0 31.0
Pas 93.3 93.3 93.3 93.3 93.3
Pvp 8.0 12.0 16.0 20.0 24.0
Pvs 5.0 5.0 5.0 5.0 5.0
Rs 15.45 17.30 19.66 22.76 27.03




